Polynomial over Associative I?-Algebra 



Aleks Klcyn 



Abstract. In the paper I considered algebra of polynomials over associa- 
tive D-algebra with unit. Using the tensor notation allows to simplify the 
representation of polynomial. I considered questions related to divisibility of 
polynomial of any power over polynomial of power 1. 
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1. Preface 

The theory of polynomials over commutative ring (see the definition of poly- 
nomial, for instance, [1], pp. 97 - 98) has statements similar to statements from 
number theory. Such statements like the theorem on the uniqueness of the decom- 
position of the polynomial into a product of irreducible polynomials (section [3]-48), 
the remainder theorem ([1], p. 173, the theorem 1.1) are among these statements. 

The theory of polynomials over non-commutative algebra is more difhcult ([11], 
p. 48). In this paper, we attempted to advance a bit in this field. 

The possibility to represent a polynomial as 

p{x) = ao + ^ak o 

k=l 

is an important statement from which a lot of statements of the paper follow. This 
statement is based on the theorem 4.6 and its corollary 4.7. 
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Initially, the concept of a tensor representation of map of free algebra was applied 
to the notation of a linear map of free algebra over commutative ring.^ This style 
of notation allowed make statements of non commutative calculus more clear. 

Opportunity to present a polynomial using tensor eliminates the complexity and 
allows see important properties of polynomial. Using theorems considered in [5], I 
proved the theorem 6.9. I hope this is first step to study divisibility of polynomials. 

Alexandre Laugier was first reader of my paper. I appreciate his helpful com- 
ments. 

2. Conventions 
Convention 2.1. / assume sum over index s in expression like 

□ 

Convention 2.2. Let A he free algebra with finite or countable basis. Considering 
expansion of element of algebra A relative basis e we use the same root letter to 
denote this element and its coordinates. In expression , it is not clear whether this 
is component of expansion of element a relative basis, or this is operation a} — aa. 
To make text clearer we use separate color for index of element of algebra. For 
instance, 

a = a^Ci 

□ 

Convention 2.3. It is very difficult to draw the line between the module and the 
algebra. Especially since sometimes in the process of constructing, we must first 
prove that the set A is a module, and then we prove that this set is an algebra. 
Therefore, to write the element of the module, we will also use the convention 
2.2. □ 

Convention 2.4. Element of D-algebra A is called A-number. For instance, 
complex number is also called C -number, and quaternion is called H -number. □ 

Without a doubt, the reader may have questions, comments, objections. I will 
appreciate any response. 

3. Zero Divisor of Associative D-Algebra 

Let D be commutative ring and A be associative D-algcbra with unit. 

Definition 3.1. Let a, b € A, a 0, b ^ 0. If a6 = 0, then a is called left 
zero divisor and b is called right zero divisor.^ If left zero divisor a is right zero 
divisor, then a is called zero divisor. □ 

Theorem 3.2. Let a, b G A, a ^ 0, b 0. The equation ba = does not follow 
from the equation a6 = 0.'^ 

-'^See, for instance, section [6]-l, [10]-1. 
^See also the definition [2]-10.17. 

■^Tlie proof of tlie theorem is based on the remark in [2] after the definition 10.17. 
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Proof. Let A be algebra of 3 x 3 matrices. Let 
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It is evident that 



E2'iEi2 — 



o\ 



yo oy 



However 



E12E23 — 



1 




yo oy 

It is easy to see that both matrices (-E12, ^523) are zero divisors. 



□ 



Theorem 3.3. Let a be right zero divisor of D -algebra A. Let b be left zero divisor 
of D -algebra A. Let ab ^ 0. Then for any d ^ A, adb is zero divisor of D -algebra 
A. 

Proof. Since a is right zero divisor of _D-algebra A, then there exists c ^ such 
that ca — 0. Then 

c{adb) ^ {ca){db) ^ 0{db) = 
Therefore, adb is right zero divisor of _D-algebra A. 

Since b is left zero divisor of Z?- algebra A, then there exists c such that 
bc = 0. Then 

{adb)c = {ad){bc) = {ad)0 = 
Therefore, adb is left zero divisor of 13- algebra A. □ 

Theorem 3.4. There exists D-algebra where left zero divisor is not right zero 
divisor.^ 

Proof. Let A be free i?-vector space which has Hamel basis e.^ Consider i?-algebra 
of linear maps^ C{R', A; A) . Let map / G C{R] A; A) be defined by the equation 

f / o ei ei_i i>l 

3.1 , „ 

l/oei =0 

Let map g G C{R\ A\ A) be defined by the equation 
(3.2) goei = Ci+i 



^See also example [2]-10.16. 

^Hamel basis was considered in the definition [8]-2.3.1. 

^Lct f,gG C(R; A; A). The sum of maps / and g is defined by the equation 

(/H-g)oa; = /ox + gox 
The produet of maps / and g is defined by the equation 

U ° g) o X = f o {g o x) 
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(3.3) 



Let map p G C{R; A; A) be defined by the equation 

p o Ci = i > 1 
poei = ei 

From equations (3.1), (3.2), it follows that" 

(3.4) fog^l 
3.4.1: From equations (3.1), (3.3), it follows that 

(/ op) o ei = / o (po ei) = / o ei 

(/ o p) o Ci / o (p o e.;) = / o = i> 1 

Therefore, the map / is left zero divisor. 
3.4.2: Let h e C{R] A; A) be such map that 

(3.5) hof = 
From equations (3.4), (3.5), it follows that 

= o g = (/i o /) o g = /i o (/ o g) = /i o 1 = /i 

Therefore, the map / is not right zero divisor. 
3.4.3: From equations (3.2), (3.3), it follows that 

(p o g) oei^po{go a) = p o e^+i = 

Therefore, the map g is right zero divisor. 
3.4.4: Let h e C{R; A; A) be such map that 

(3.6) 50/1 = 
From equations (3.4), (3.6), it follows that 

= foO = fo[goh) = {fog)oh — loh — h 
Therefore, the map g is not left zero divisor. 



□ 



Theorem 3.5. There exists D-algehra where left zero divisor is invertihle from 
right. ^ 



^In the equation (3.4) we see how properties of matrix change when we consider a matrix with 
countable set of rows and columns instead of matrix with finite number of rows and columns. 
Relative to the basis e, the map / has matrix 



/o 




V- 



■J 



First column of matrix / linearly depends from other columns of matrix. However, the matrix / 
is invertible from right. 

It is possible that this phenomenon is associated with the statement that a countable set has 
proper countable subset. 

®Let A be D-algebra and a a Ahc left zero divisor. Then there exists 6 £ A, 7^ 0, such 
that ab = 0. Let there exists c a A such that ca = 1. Therefore, 

h = lb = {ca)b = c(ab) = cO = 

From this contradiction, it follows that a is not invertible from left. 
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Proof. Let C{R; A; A) be i?-algebra considered in the proof of the theorem 3.4. 
Let map / G C{R; A; A) be defined by the equation (3.1). Let map g £ C{R; A; A) 
be defined by the equation (3.2). According to the statement 3.4.1, the map / is 
left zero divisor. According to the equation (3.4), the map / is invertible from 
right. □ 

Theorem 3.6. Let a be left zero divisor of D- algebra A. Non zero element of right 
ideal Aa is left zero divisor of D -algebra A. 

Proof. According to the definition 3.1, there exists 6 G A, 7^ 0, such that ab = 0. 
Then for any c G A 

{ca)b = c{ab) = cO = 
Therefore, if ca ^ 0, then ca is left zero divisor. □ 

Theorem 3.7. // we can represent left zero divisor a of D- algebra A as product 
a — cd, then either c, or d is a left zero divisor. 

Proof. If d is left zero divisor, then, according to the theorem 3.6, a is left zero 
divisor. So to prove the theorem, we consider the case when d is not left zero 
divisor. According to the definition 3.1, there exists 6 G A, & ^ 0, such that 
ab = 0. Then 

Q = ab= {cd)b = c{db) 
According to the definition 3.1, d5 ^ 0. Therefore, c is left zero divisor. □ 

Theorem 3.8. Let neither a G A, nor b E A be left zero divisors of D- algebra A. 
Then their product ab is not left zero divisor of D -algebra A. 

Proof. If the product ab is a left zero divisor of Z^-algebra A, then, according to 
the theorem 3.7, then either a, or 6 is a left zero divisor. This contradiction proves 
the theorem. □ 

To see better the structure of the set of zero divisors of £)-algebra A, we consider 
the following theorem. 

Theorem 3.9. Let A be finite dimensional D -algebra. Lete be a basis of D- algebra 
A. Let 0^,1 be structural constants of D-algebra A relative to the basis e. Then 
coordinates a'' of left zero divisor 

(3.7) a = a^Ci 
satisfy to equation 

(3.8) det||Q,a^'||=0 

Proof. Since A-number a ^ is left zero divisor, then according to the definition 
3.1, a 7^ and there exists ^-number & 7^ 

b = b'ei 

such that ab = 0. Therefore, coordinates of A-numbers a and b satisfy to the system 
of equations 

(3.9) ClaH' = 

If we assume that we know a, then we can consider the system of equations (3.9) 
as system of linear equations relative to coordinates The equation (3.8) follows 
from the statement that number of equations in the system of linear equations 
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(3.9) equals to the number of unknown and the system of linear equations (3.9) has 
nontrivial solution. □ 

4. Polynomial over Associative D- Algebra 

Let D be commutative ring and A be associative D-algcbra with unit. 

Theorem 4.1. Let pk{x) be monomial of power k over D-algebra Ap Then 
4.1.1: Monomial of power has form Pq{x) = oq, oq G A. 
4.1.2: Ifk > 0, then 

Pkix) = pk-i{x)xak 

where Ok E A. 

Proof. We prove the theorem by induction over power n of monomial. 

Let n = 0. We get the statement 4.1.1 since monomial po{x) is constant. 

Let n = k. Last factor of monomial pk{x) is either ak G A, or has form a;', / > 1. 
In the later case we assume Ok = 1. Factor preceding ak has form x', / > 1. We 
can represent this factor as x^^^x. Therefore, we proved the statement. □ 

Definition 4.2. We denote Ak[x] Abelian group generated by the set of mono- 
mials of power k. Element pk{x) of Abelian group Ak\x\ is called homogeneous 
polynomial of power k. □ 

Remark 4.3. According to the definition 4.2, homogeneous polynomial Pk{x) of 
power k is sum of monomials of power k 

Pk{x) = ^Pk-s{x) 

S 

Let 

1k{x) ^^Qk.tix) 
t 

be homogeneous polynomials of power k. Since sum in Abelian group Afe[a;] is 
commutative and associative, then sum of homogeneous polynomials p and q is 
sum of monomials of power k 

{p + q) (x) ^p{x)+ q{x) ^^pk-six) + ^qk-t (x) 

s t 

□ 

Theorem 4.4. Abelian group Ak[x\ is A-module. 
Proof. Let 

p{x) = poxpi...pk-ixpk 
be monomial. For any tensor a ® 6 £ A (E) A, there exists transformation of 
monomial 

(4.1) (a b) op[x) = ap{x)b = apoxpi...pk-ixpkb 

The set of transformations (4.1) generates representation of ZJ-algebra A A in 
Abelian group Therefore, Abelian group Ak[x] is A-module. □ 

'^You can sec similar definition of monomial over division ring in tfie section [10]-16. You can 
see similar definition of monomial over Banach algebra in the section [7]-5.2. 
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The set of monomials of power k is not a basis of y4- module Afe[a;]. For instance, 

adxb ~ axdb d & D 
For polynomial, we will use notation 

(flo, ai, afe) o x'^ ~ aQxaix...xak 
Theorem 4.5. The map 

f : A''+' ^ Ak[x] 

defined by the equation 

/(ao,ai,...,afc) = (ao, ai, afc) ox'' 

is polylinear map. 

Proof. Let d E D. From equations 

/(ao, da^, Ofe) = aox...{dat)...xak = d{aox...at...xak) 

= df{ao, ...,0^, ...,ak) 

/(ao, a,; + bi, Ofc) = aoa;...(a,; + bi)...xak 

= {aQX...ai...xak) + {aox...bi...xak) 

= /(ao, •■•jfli, ■•■,afc) + /(ao, •■•,afe) 

it follows that the map / is linear with respect to a^. Therefore, the map / is 
polylinear map. □ 

Theorem 4.6. There exists linear map 

(ao (g) ai (g) ... (g) flfc) o x'' ^ (ao, ai, a^) o x'^ 
Proof. The theorem follows from theorems [9] -2. 5. 4, 4.5. □ 

Corollary 4.7. We can present homogeneous polynomial p{x) in the following 
form 

p{x) = afc o x'= afc G ^^C^+i) 

□ 

Definition 4.8. Wc denote 

oo 



n=0 

,10 



direct sum of A-modules A„[a;]. An element p{x) of A-module A[x\ is called 
polynomial over _D-algcbra A. □ 

Therefore, we can present polynomial of power n in the following form 

p(x) = ao + ai o X + ... + a„ o a; € A'^^^+i' i = 0,...,n 
Definition 4.9. Let 

p(x) = ao + ai o X + ... + a„ o a^ € z = 0,...,n 

be polynomial of power n over D-algebra A. ^®('+^)-number a^ is called coeffl- 
cient of polynomial p(a;). A'**^"+^)-number a„ is called leading coefRcient of 
polynomial p(a;). □ 



^'^See the definition of direct sum of modules in [1] , page 128. On the same page, Lang proves 
the existence of direct sum of modules. 
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5. Operations over Polynomials 

Definition 5.1. Let 

p{x) = po + Pi o 2; + ... + p„ o x" 
q{x) = qo + qi o X + ... + qn o 
be polynomials of power n.^^ Sum of polynomials is defined by equation 

{p + q){x) =Po + qo + {pi +qi)ox + ... + (p„ + g„) o x" 



□ 



Definition 5.2. Bilinear map 

® : A 

is defined by the equation 

(ai (g) ... ® a„)®(6i (g) ... C 



) bn) = ai ® ... (g) a„_i g) a„6i (g ^2 ... (g 6„ 



□ 



Theorem 5.3. Homogeneous polynomial pox", p G generates the linear 

map 

defined by the equation 

(5.1) (p o x") o (q o x'") = (p®g) o x"+'" 

Proof. According to the corollary 4.7, p G q e According to 

the definition 5.2, 

(n+l) + (m+l)-l) _ ^®((ri+m) + l) 



(5.2) p®g G 

According to the corollary 4.7 and the equation (5.2), the map (5.1) is defined 
properly. According to the definition 5.2, from equations 

(p o x") o (r o X™ + s o x") = (p o x") o ((r + s) o x") 

= (p®(r + s)) ox"+'" 

= (p®r) o x"+'" + (p®s) o x"+"' 

= (p o x") o (r o x") + (p o x") o (s o X™) 

(p o x") o (d(r o x'")) (p o x") o ((dr) o x") 

= (p®(dr)) o x"+'" = d((p®r) o x"+'") 

= d((pox")o(rox'")) 

where d G -D, it is follows that the map (5.1) is linear map. 



□ 



^^Let q{x) be polynomial of power m, m < n, 

q{x) = qo + qi o X + ... + qm o x"^ 

If we assume q-ui^i — 0, — 0, then we can consider the polynomial as polynomial of 

power n. 
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Remark 5.4. Let 

p ^ Po^Pi® ... ® p„ 
r = ro ri ... (g) 

Then we can write the equation (5.1) in foUowing form 

{poX...xp„ ) o {roX...xrm) = {{po ® ... ® Pn) ° a;") o ((ro ® ... (8) r^) o a;"") 
= ((po ® ■■■^Pn)®{ro «) ... (8r„)) oa;"+" 
= (po --^PurQ ® ... ® r,„) o a;"+™ 
= poa;...a;Pn?'oa;...a;r„i 

Therefore, the equation (5.1) is the definition of product of homogeneous polyno- 
mials. □ 

Definition 5.5. Product of homogeneous polynomials pox", r o x™ is defined 
by the equation 

{p o .T")(r o x") = {p®r) o 2;"+'" 

□ 

Theorem 5.6. Let 

p{x) ^ako x'' ak e A^C^+i) 

be monomial of power k > 1. Then the polynomial p{x) can he represented using 
one of the following forms 

(5.3) p{x) = (flfc.o o x'=~i)((l ® flfc.i) o x) 

(5.4) p{x) ^ {{ok-o o x^~^) ® ak-i) o X 
where 

(5.5) ak = ak.o§Al®ak.i) ak-o^A®^ ak-i^A 

Proof. Based on the statement 4.1.2 and the theorem 4.6, we can write the mono- 
mial p(x) as 

(5.6) pk{x) = {uk-o o x''^^)xak.i 

The equation (5.5) follows from the definition 5.2 and the equation 

ak = ak-o ® flfe-i 

Since for given value of x, the expression Uk o o x''~^ is A- number, then the 
equation (5.4) follows from the equation (5.6) and the theorem 4.6. The equation 
(5.3) follows from equations (5.5), (5.6) and the definition 5.5. □ 

Theorem 5.7. Let 

p{x) =akO x^ ak G A^C^+i) 

he homogeneous polynomial of power k > 1. Then the polynomial p{x) can he 
represented using one of the following forms 

(5.7) p{x) ^ (ofc.o.s o x''-^){{l ak.i.s) o x) 

(5.8) p{x) = {{ak.Q.s o x''~^) ® ak-i-s) o x 
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where 

(5.9) ak=ak.o.s®{^®ak-i-s) a^.o-^ £ A®'' ak-i-s&A 

Proof. According to the remark 4.3, homogeneous polynomial of power k is sum of 
monomials of power k. The theorem follows from the theorem 5.6, if we consider 
induction over number of terms. □ 

Remark 5.8. In this section, it is unimportant for us whether a polynomial p{x) 
is zero divisor. We consider in the section 6 the question about zero divisors of 
A-algebra A[x\. In the proof of the theorems in this section, we, without loss of 
generality, assume that the considered polynomials are not zero divisors. □ 

Since product of homogeneous polynomials is bilinear map, then the definition 
5.5 can be extended to product of any polynomials. 

Theorem 5.9. Let 

p{x) = po+Piox + ... +pn o a:" 

q{x) = qo + qi o X + ... + q^ o 
be polynomials. If polynomial 

r{x) = Tq + Ti o X + ... + r^, o x'^ 
is product of polynomials 

(5.10) r{x) = p{x)q{x) 
then 

k = n + m 

(5.11) rji = Pi®_qj h = 0, k i < n j < m 

i+j=h 

Proof. We prove the theorem by induction over n, m. 

• Following lemma follows from the definition 5.5. 

Lemma 5.10. The theorem 5.9 is true for product of homogeneous polyno- 
mials. 

• Let the theorem be true for homogeneous polynomial p{x) = p„ o x" of 
power n and polynomial q{x) of power m ~ I. Polynomial 

q{x) = qo + qi o X + ... + qi o x^ + qi+i o x'"'^^ 

of power I + 1 can be written in the following form 

q{x) = q'{x) + qi+i o 

where 

q'{x) ^ qo + qi o X + ... + qi o x'' 
is polynomial of power I. Since product of polynomials is bilinear map, 
then 

rix) = {pn o x'^)q{x) = {pn o x'''){q'{x) + qi+i o .t'+^) 
= {pn o x")q'{x) + {pn o x"){qi+i o x^+'^) 
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According to the induction assumption, the power of polynomial {pn ° 
x")q'{x) equals n + /, as well 

(5.13) rh ^ Pi®(lj i = n h^O,...,n + l 

i+j = h 

According to the definition 5.5, the power of polynomial (p„ o x"){qi^i o 
equals 

k = n+ {1 + 1) 

as well 

(5.14) Th = Pi®_qj i^n h^n + l + 1 

i+j=h 

Therefore, the theorem is true for homogeneous polynomial p{x) = Pn° x"' 
of power n and polynomial q(x) of power m = 1 + 1. Therefore, we proved 
the following lemma. 

Lemma 5.11. The theorem 5.9 is true for product of homogeneous polyno- 
mial p{x) and polynomial q{x). 

Let the theorem be true for polynomial p{x) of power n = I and polynomial 
q{x) of power m. Polynomial 

p{x) = po + pi o X + ... + pi o x'- + pi+i o a;'+^ 

of power I + 1 can be written in the following form 

p{x) = p'{x) + pi+i o a;'+^ 

where 

p'{x) = po + pi O X + ... + pi o x'' 
is polynomial of power I. Since product of polynomials is bilinear map, then 
r{x) =p{x)q{x) = {p'{x) + pi+i o x'^+'^)q{x) 

(5.15) 

= p'{x)q{x) + {pi+i o x'+'-)q{x) 
According to the induction assumption, the power of polynomial 

r'{x) = p'{x)q{x) 

equals I + m, as well 

(5.16) = ^ Pi®qj i<l + l h = 0,...,l + m 

i+j=h 

According to the lemma 5.11, the power of polynomial 

r"{x) = {pi+,ox'+')q{x) 

equals 

k= (l + l) + m 

as well 

(5.17) r',[= ^ pi^qj i = l + l h = 0,...J + m + l 
Since 

r{x) = r'(x) + r" (x) 
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then from the definition 5.1 and from equations (5.16), (5.17), it follows that 
(5.18) ^ Pi^lj i<^ + l h^O,...J + m+l 

i+j=h 

Therefore, the theorem is true for polynomial ^(x) of power n = l + l and polynomial 
q{x) of power m. □ 

Theorem 5.12. A-module A[x\ equipped by the product (5.10) is A- algebra which 
is called A-algebra of polynomials over D-algebra A. 

Proof. The theorem follows from definitions [9J-2.2.1, 5.5 and the theorem 5.9. □ 

6. Division of Polynomials 

In this section, we assume that the algebra A is defined over field F and the 
algebra A is finite dimensional F-algebra.^'^ Let e be the basis of algebra A over 
field F and C^j be structural constants of algebra A relative to the basis e. 

Consider the linear equation^'"* 

(6.1) ao X ^ b 

where a — Qs-o ® Os i G A®^. According to the theorem [4J-9.1.9, we can write 
the equation (6.1) in standard form 



(6.2) . \ 

a*^ = as-QUs-l fls.o = tts-QCi as-i = as.\ei 

According to the theorem [4J-9.1.10 equation (6.2) is equivalent to equation 



(6.3) 



According to the theory of linear equations over field, if determinant 

(6.4) det||a-||| 7^0 
then equation (6.1) has only one solution. 

Definition 6.1. The tensor a G is called nonsingular tensor if this tensor 
satisfies to condition (6.4). □ 

Theorem 6.2. Let F be a field. Let A be finite dimensional F-algebra. For the 
linear equation 

(6.5) a o X = 
where a ~ as-o ® Os-i G A®'^ . , any x G A is root iff 
(6-6) a4a..lClfil,=Q 



"'^^Prom the proof of the theorem 3.4, we see that statements of hnear algebra in a vector 
space with countable basis are different from similar statements in finite dimensional vector space. 
Additional research is required before we can state theorems of the section 6 for _F-algebra with 
countable basis. 

^■^I consider the solving of the equation (6.1) the same way as I have done in the section [5]-4. 
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Proof. According to the theorem [4]-9.1.9, we can write the equation (6.5) in stan- 
dard form 

a^^eixe^ = 

(6.7) 

According to the theorem [4]-9.1.10 equation (6.7) is equivalent to equation 

dx^ = 

(6.8) 

<=^''"Cl,Cl, x = x^ei 
Any a; G A is root of the system of hnear equations (6.8), iff 

(6.9) 4 = 
From equations (6.8), (6.9), it follows that 

(6.10) a^-Cl-Ci^ = 

The equation (6.6) follows from equations (6.7), (6.10). □ 

It is difficult to say whether the condition (6.6) to be true in some algebra. 
However we can study particular case of the theorem 6.2. 

Theorem 6.3. Let F be a field. Let A be finite dimensional F-algebra. Ln order 
for any x & A to be the root of the equation 

axb = 

it is necessary that a is left divisor of F-algebra A. 

Proof. Let in the equation (6.5) s = 1, ai.g = a, ai.i ~ b. Let e be the basis of 
F-algebra A. Then the equation (6.6) gets form 

(6.11) clH^'C^CI, = 

If we assume that we know a, then we can consider the system of equations (6.11) 
as system of linear equations relative to coordinates V . Number of equations in 
the system of linear equations (6.11) equals to the number of unknown. Since the 
system of linear equations (6.11) has nontrivial solution, then 

(6.12) det||a'=C^,C^,||=0 
for any r. From the equation (6.12) it follows that 

(6.13) det\\Ci,Jdet\\a''Cl\\=0 
From the equation (6.13) it follows that either 

(6.14) det||C^J|=0 
or 

(6.15) det||a'=CP II =0 

Let equation (6.14) be true. Let ei € e, ei = 1. Then 

(6.16) Cp = CpCi = C^iCj 

From the equation (6.14) it follows that there exist c^, c 7^ 0, such that 

(6.17) cf = 
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From equations (6.16), (6.17), it follows that 

(6.18) c^ep = cPCl^ej = 

Therefore, vectors arc hnear dependent. From contradiction, it fohows that the 
equation (6.14) is not true in _F-algebra A with unit. 

From the equation (6.15) and the theorem 3.9, it foUows that a is left zero 
divisor. □ 

Example 6.4. The requirement that, for any a; be a root of the equation 

axb = 

a must be a left zero divisor of i^-algebra A, is necessary but not sufficient. 
For instance, consider i?-algebra of matrices n x n. Consider matrices 

El = {S}Si) 

X = (.4) 

Then 

E]XEt = iSlS]xlS',Sf) = iS^xlS',) = xlE^ 
Therefore, the polynomial 

p{X) = E]XEf 

equals iff = 0. □ 

Based on statements considered in this section we can assume that homogeneous 
polynomial of degree 1 does not vanish identically. However this statement requires 
more research. 

It is evident that the theorem 5.9 is important. I recall that to prove this 
theorem we have assumed that the factors are not zero divisors.^"* However, if 
leading coefficient of polynomials are zero divisors, then conclusion of the theorem 
may not be true. 

Theorem 6.5. Let A-number a be left zero divisor of D-algebra A. Let p{x) 6 
A[x]. Then the polynomial p{x) a is left zero divisor of A- algebra A[x]. 

Proof. Since p{x) G A, then the theorem follows from the theorem 3.6. □ 

Theorem 6.6. Let a be right zero divisor of D-algebra A. Let b be left zero divisor 
of D-algebra A. Let ab ^ 0. Then the polynomial ap{x)b is left zero divisor of A- 
algebra A[x] . 

Proof. Since p{x) e A, then the theorem follows from the theorem 3.3. □ 

Theorem 6.7. Let a G A^'^ be nonsingular tensor. Lf we consider the equation 
(6.2) as transformation of algebra A, then we can write the inverse transformation 
in form 

(6.19) X = cP^epbeq 
where components c'^"^ satisfy to equation 

(6.20) <5S5^ = a'^c^^C^^C^^j 

Proof. The theorem follows from the theorem [5]-4.2. □ 



^^Sec the remark 5.8. 
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Definition 6.8. Let a G A® be nonsingular tensor. The tensor 

is called tensor inverse to tensor a. □ 

Theorem 6.9. Let p{x) ^ pi o x be homogeneous polynomial of power 1 and pi 
be nonsingular tensor. Let 

r{x) = ro + ri o x + ... + r-k o x'^ 

be polynomial of power k. Then 

r{x) = ro + qi.op{x)qi.i + q2-o{x)p{x)q2.i + ... + qk-o{x)p{x)qk.i 

(6.21) =rQi + (gi-o ® 9i-i) o p{x) + {q2-o{x) ® q2-i) o p{x) 
+ ... + (qk-oix) qk-i) o Pix) 

Proof. According to definitions 6.1, 6.8 and the theorem 6.7, the following equation 
is true 

(6.22) p^^op{x)=x 

Based on the theorem 5.7, we can write the polynomial r{x) as 
r{x) = To + ri.Q.sixri.i.s) + (ra-o-s o x){xr2.i.s) 
+ ... + (rfc.o-s oa:'="^)(xrfe.i.s) 

(6.23) 

= ra + ri.o.s((l ® ri-i-s) o x) + {r2-o-s o x){{l (g) r2-i.s) o x) 
+ - + {rk-o-s o a;'="^)((l ® r^.i.,) o x) 

where 

ri = ri.o.s®(l ® ri.i.s) ri.Q.sEA ri.i.^ e A 



Tk = rk.o-s^{l ® rfc.i.s) rk.Q.s 6 A®*^ r^.i-s G A 
From the equations (6.22), (6.23), it follows that 

r{x) = ro + ri.o.s((l ® tm-s) o {p^^ ° pix))) 
+ {r2.o-s o a;)((l ® ^2.1.5) o (p^^ o p{x))) 
+ ... + (rfc.Q., o a;'=-i)((l rfc.i.,) o (p-i op(a;))) 

(6.24) 

= + ri.o.s(((l ® TM-s) op )op{x)) 
+ {r2.o-s o a;)(((l r2.i.s) op"^) op(--z;)) 
+ ... + (rfc.Q.^ oa;''-i)(((l 0rfc.i.^) op-^) op(x)) 

Let 

(6.25) =p'o.t^p'i.t 
Then 

(6.26) (1 ® Ti.i.s) o p-i = (1 ri.i.s) o (p[,.j ® p'l.j) = (g) p'l.jri.i.^ 
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From the equations (6.24), (6.26), it follows that 

r{x) = ro + ri.Q.siip'o.t ® Pi-tn-i-s) o p{x)) 
+ {r2-o-s ox){{p'(f.t (E)p[.tr2.i.s) op{x)) 
+ ... + (rk-o-s ° x''-^)iipit ® P'l-ti-k-i-s) ° P{x)) 
= ro + {ri.o.s(^p'Q.t){p{x)p[.^ri.i.s) 
+ ((r2.o-s®Po.t) o x){p{x)p[.tr2.i.s) 
+ ... + {{rk.O:.®Po.t) ° x''~^){p{x)p'i.trk-i.s) 



(6.27) 



Let 



(6.28) 



910 = '^lOs^Po-t 911 = P'l.t''lls 



Qk-oix) = (rk-o-s^p'o-t) o x''~'^ qk-i = p^.tTk-l-s 
The equation (6.21) follows from equations (6.27), (6.28). □ 
Theorem 6.10. Let 

(6.29) p{x) = pii + pi o X 

be polynomial of power 1 and pi be nonsingular tensor. Let 

r{x) ^ ro + ri o X + ... + rk o x^ 
be polynomial of power k. Then^'' 

r[x) = ro - ((ri.Q.s ® ^m.^) o p~'^) o p^ 

- (((?'2-o-s °x) ®r2.l.s) °Pi^) °Po 

- ... - (((rfe.Q.s ox''"^) ® rfe.i.,,) op^^) opQ 
+ {{ri-o-s ® ri.i.s) opi^) op{x) 
+ ((('"2-o-s °a;) (8)r2.i.s) opj^i) op(a;) 
+ ... + (((rfe.o-s ox''"^) ® rfe.1.5) op-i) op(x) 
= ro - ((ri.Q.s ® ri-i-s + (r2.o-s o x) r2.i.s 
+ ••■ + [rk.Q.s o x''-^) ® rk.i.s) o Pi'^) o Pq 

+ ((ri-o-s ® ri.i.s + (r2.o-s ox)® r2.i.s 
+ ... + (rfc.o.s o x''"^) ® rfc.i.s) opj^i) o p{x) 
Proof. From the equation (6.29) it follows that 

(6.31) pi o X = -pn + p{x) 

According to definitions 6.1, 6.8 and the theorem 6.7, from the equation (6.31) it 
is follows that 

(6.32) p-^^ o{-po+p{x))=x 



(6.30) 



^^Thc style of the equation (6.30) is different from tlic style of the equation (6.21). I just want 
to show that we can use different styles to represent a polynomial. 
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Based on the theorem 5.7, wc can write the polynomial r{x) as 
r{x) = ro + ri.o.s(a;ri.i.s) + {r2-o-s ° x){xr2.i.s) 
+ ... + {rk-o-s ox''"^)(xrfe.i.s) 

= ro + (ri-o-s fM-s) ox + {{r2-o-s ox)® r2.i-s) o a; 
+ ... + {{rk-o-s o a;''"^) ® rfc.i-s) o a; 



3.33) 



where 



r-fc = rfc.o.s^(l rfc.i.,,) r^.Q-^ G rk-is e A 

From the equations (6.32), (6.33), it follows that 

r{x) =ro + {ri-o-s ® ri-is) o (p~^ o (-po + p{x))) 
+ {{r2-o-s o x) (g) r2-i-s) o (pr^ ° (-Po +p(a;))) 
+ ••■ + ((j-fe-o-s o a;''"^) rfc.i.s) o (pj^i o (-po +p(a;))) 

(6.34) 

= »'o + {{ri-o-s ®ri-i-s) op^ ) o (-po +p{x)) 

+ (((''2-o-,s o x) r2.i.s) o pj^^) o (-po + p{x)) 

+ ... + (((rfe.Q.s o.t'^^1) (gjrfc.i.^) op-^) o (-po +p(a;)) 

The equation (6.30) follows from the equation (6.34). □ 

The theorem 6.9 states that, for given homogenous polynomial p{x) of power 1 
and given polynomial r{x) of power A;, we can represent the polynomial r{x) as sum 
of products of the polynomial p{x) over polynomials of power less than k. There 
is similar statement in the theorem 6.10 for given polynomial p{x) of power 1. 
However the equation (6.24) is not a statement that the polynomial p{x) is divisor 
of the polynomial r{x). This is possible when following condition is satisfied 

ro = qi-i = (721 = ••■ = qk-i = qi 
In this case, we can write the polynomial r{x) as 

(6.35) r{x) = {qi-Q + q2-o{x) + ... + qk-a{x))p{x)qi 

The equation (6.35) is unusual since we have 3 factors. Since the product in D- 
algcbra A is non commutative, then we can tell that the polynomial p{x) is either 
left divisor of the polynomial r(x), if 

r{x) = p{x)q{x) 
or right divisor of the polynomial r(x), if 

r{x) = q{x)p{x) 
However, we can generalize this definition. 

Definition 6.11. The polynomial p{x) is called divisor of polynomial r(x), if 
we can represent the polynomial r{x) as 

(6.36) r{x) = qo{x)p{x)qi{x) 
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MnoroHJieH na^ accou,HaTHBHOH D-ajireGpofi 



AjieKcaHflp KjieiiH 

Ahhotai^mh. B CTaTbe paccMOTpena ajire5pa nojiHHOMOB na^ accor(HaTHBHoit 
Z)-ajire6poH c e^HKHi^eii. HcnojitsoBaHHe TenaopHOH 3anHCH nosBOjiaeT ynpo- 
CTHTb npe/],CTaBjieHHe MHoroMjiena. PaccMOTpeHi>i BonpocBi flejiHMOCTH MHoro- 
MJiena npoHSBOJiBHOro nopaflKa na MHOrOMJien nepBOro nopsiflKa. 
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1. riPEflHCJIOBHE 

TeopHH MHoroHjienoB na/i, KOMMyTaTHBHMM KOJiii],OM (cmotph onpe^ejieHHe mho- 
roHjiena, nanpHMep, [1], c. 133) HMeeT yTBep}K/i,eHH5i, noflo6Hbie yTBepjK^eHHJiM h3 
TeopHH HHceji. K sthm yTBepjKfleHHJiM othochtch TCopeMa o e;;iiHCTBeHHOCTH pas- 
jioJKeHHH MHoroHjiena b npoHSBeflCHHe nenpHBOflHMbix MHoroHjienoB ([3], c. 292), 
TeopeMa o flejienHH c ocTaTKOM ([1], c. 141, TeopeMa 2). 

Teopna MHoroHjienoB nafl neKOMMyTaTHBHOii ajire6poH HensMepHMO cjioacnee 
([11], p. 48). B 3T0H CTaTbe mm c^ejiajin nonbiTKy neMHoro npoflBnnyTbca b stom 
HanpaBjieHHH. 

Bo3MO>KHOCTb npeflCTaBjieHHH MHoroHjiena b Bii^e 

p{x) = ao + ^ flfe o x'' 

k=l 
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HBjiaeTCH BajKHbiM yTBep>K^eHHeM, h3 KOToporo cjieflyiOT MHorne yTBepjKfleHHs 
CTRTbii. 3to yTBepjKfleHiie ochobrho he leopeMe 4.6 h ee cjie/i,CTBHH 4.7. 

Bna^ajie KOHLi;enn,Ha TCHSopHoro npe^CTaBjieHHa OToSpajKeHHH cbo6o;i,hoh aji- 
re6piji 6i>ijia npHMenena k sanHCii jiHHeftHoro OToSpajKeniiH CBoSoflHoii ajire6pi>i 
Hafl KOMMyTaTHBHbiM KOjibi^OM. 3tot (JjopMaT 3anHCH no3BOjiHji cflejiaTb yTBep- 
jKfleHHH HeKOMMyTaTHBHoro MaTeMaTH^ecKoro anajiiisa 6ojiee npocTBiMH. 

Bo3mo>khoctij npeflCTaBHTb MHoroHjien c noMombio TeH3opoB no3BOjiHeT H36a- 
BHTbca OT cjiojKHOCTH H yBHflCTb BajKHbie CBOHCTBa MHoroHjieHa. OniipascB Ha 
TeopeMbi, paccMOTpeHHbie b [5], a ^0Ka3aji xeopeMy 6.9. 51 nafleiocb, sto nepBtiii 
mar k H3yT^eHHio flejiiiMOCTH MHoroHjienoB. 

AjieKcaHflp JIojKBe Gbiji nepBbiM ^^iiTaTCjieM Moeii CTaxbH. 51 6jiaroflapeH eiviy 3a 
ero Li,eHHijie KOMMeHTapnii. 

2. CorJIAIUEHHfl 
CorjiameHHe 2.1. B eupaafcenuu euda 

npednoAazaemcH cyMMa no undeKcy s. □ 

CorjiameHHe 2.2. Uycm'b A - ceododnaR aAze6pa c kohehhum uau cHemnuM 6a- 
3UC0M. Upu pasAOMcenuu sAeMewma aAze6pu A omHOcumeAbHO 6a3uca e mu noAb- 
sycMCM odnou u mou onze Kopueeou Byneou Basi o6o3HaHeHusi amoeo aAeMenma u ego 
KoopduHam. B eupaoKenuu ne sicho - amo KOMnoHewma paaAOOKCHUsi sAeMeHma 
a omHocumeAbHo 6a3uca uau amo onepau,usi eoseedenuR e cmenewb. /(ar oOacz- 
uenusi Hmenusi meKcma mu 6ydeM undcKC SAeMenma aAze6pu eudeAsimb u,eemoM. 
HanpuMep, 

a = a^Ci 

□ 

CorjiameHHe 2.3. OueHt mpydno npoeecmu zpaHUVi,y Mcotcdy ModyACM u aAze6- 
pou. TeM 6oAee, unoada e npov,ecce nocmpoenufi mu doADK.HU cnepea doKaaamb, 
Hmo MHoatcecmeo A fieAsiemcfi ModyACM, a nomoM mu doKaaueaeM, umo amo mho- 
CHcecmeo sieAfiemcsi aAze6pou. UosmoMy djiR aanucu Koopdunam sAeMemna ModyAJi 
MU maKCHce 6ydeM noAbsoeambcji cozAameuueM 2.2. □ 

CorjiameHHe 2.4. dAeMenm D-aAze6pu A Haaueaemcn A-hhcjiom. HanpuMep, 
KOMUAeKCHoe hucao maKDice Hasueaemcji C-uucao, a KeamepnuoH naaueaemcfi H- 

HUCAO. □ 

Be3 coMHeHHH, y HHTaTejiH MoryT 6biTb Bonpocbi, 3aMe^aHHH, B03pa»ceHHH. 51 
6yfly npH3HaTejieH jiio6oMy 0T3i>iBy. 

3. ^EJlHTEJIb HVJIfl ACCOLl,HATHBHOH D-AJirEBPbl 

IlycTb D - KOMMyTaTHBHoe KOjibD;o II A - accoii;HaTHBHaa I?-ajire6pa c eflHHHi^eii. 

OHpe/i;ejieHHe 3.1. IlycTb a, b ^ A, a ^ 0, b ^ 0. Ecjiii ah = 0, to a Ha3biBaeTCH 
jieBbiM flejiHTejieM nyjiH, a b Ha3biBaeTCH npaBbiM ^ejiHTejieM nyjiH.^ Ecjih 
jieBbiii flejiHTejib nyjia a G A aBjiaeTCH npaBbiM ^ejiHiejieM nyjia, to a Ha3biBaeTCH 
flejiHTejiGM HyjiH. □ 



^Cmotph, HanpHMep, pasflejibi [6]-l, [10]-1. 
^Cmotph TaK>Ke onpeflejieHHe [2J-10.17. 
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TeopeMa 3.2. Ilycmb a, b ^ A, a 0, b ^ 0. Ms paeencmea ab = He CAedyem 
paeeHcmeo ba ^ 

/(oKasameMbcmeo. IlycTb A HBjiaeTCH ajire6poH 3x3 MaTpHn,. HycTb 



£^12 — 



1 o\ 





yo oy 



£'23 — 



o\ 
1 

oy 



O^eBHflHO, HTO 



E23E12 — 



TeM He Menee 



E12E23 



/o 0^ 



Oy 

/o A 





yo oy 



HcTpyflHO y6eflHTbca:, hto o6e Ma,TpHI],i>I (^Ei2i -£'23) HBJIHIOTCil /I,6JIHT6JIiIMH HyjIH. 

□ 

TeopeMa 3.3. Ilycmb a neAsiemcfi npaeuM dcAumeAeM nyjisi D-aAze6pu A. Uycmti 
b jieAJiemcM acbum deAumeAeM nyAJi D-aAze6pu A. Uycmb ab 7^ 0. Tozda dAsi 
Am6o30 d A, adb jisAJiemcM deAumeABM nyAsi D-aAze6pu A. 

JJoKaaameAbcmeo. Tek kek a aBjiaeTCH npaBbiM p^ejiwienem nyjiH £)-ajire6pbi A, 
TO cymecTByeT c ^ TaKoii, ito ca = 0. Tor^a 

c{adb) = {ca){db) = 0(d6) = 

CjieflOBaTejiBHO, adb HBjiaeTCH npaBbiM flejiiiTejieM nyjia D-ajire6piji A. 

TaK KaK b HBjiaeTCH jicbbim ;i,ejiiiTejieM nyjiH £'-ajire6pbi A^ to cymecTByeT c 7^ 
TaKofi, HTO be = Q. Tor^a 

{adb)c = {ad){bc) = {ad)0 = 

CjieflOBaTCjiBHO, adb HBjiaeTCH jieBbiM ;i,ejiiiTejieM nyjia £'-ajire6pbi A. □ 

TeopeMa 3.4. Cyiu,ecmeyem D-aAze6pa, e Komopou Aeeuu deAumcAb nyAsi He 
HBASiemca npaeuM deAumeAeM nyAR^ 

/JoKasameAbcmeo. ITycTb A - CBo6oflHoe i?-BeKTopHoe npocTpancTBO, HMCiomee 6a- 
3HC FaMejiH e.^ PaccMOTpHM i?-ajire6py jiHHeiiHBix OTo6pajKeHHH^' C{R; A; A) . 



■^/I^OKasaTejibCTBO Teopeivibi ocHOBano na saMCMaHUH b [2] nocjie onpeflejieHHH 10.17. 
^Cmotph TaKjKe npHMep [2J-10.16. 

""BasHC FaiviejiH 5biji paccMOTpen b onpeflejieHHH [8J-2.3.1. 

''HycTB f,g(z C{R;A;A). CyMMa OTo6pa>KeHHH fag onpeflejiena paBencTBOM 

{f + g)ox = fox + gox 
npoH3BefleHHe OTo6pa5KeHHH fag onpeflejieno paBencTBOM 

{f o g) o X = f o {g o x) 
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IlycTb OToGpajKeHHC f(^C{R;A;A) onpeflejieno paseHCTBOM 

r / o e,: = ei_i i> 1 
{/oe.=0 

IlycTb OToSpajKCHHe g G >C(-R; A; A) onpe/i,ejieHO paBencTBOM 
(3.2) goei = ei+i 

IlycTb OToSpajKeHHe p € C{R; A; A) onpeflejieno paseHCTBOM 

( p o ei = i > 1 

(3.3) 

[poei = ei 
Ha paBencTB (3.1), (3.2) cjieflyex, hto^ 

(3.4) /o<7=l 
3.4.1: Ha paBencTs (3.1), (3.3) cjie^yeT, hto 

(/ op) o ei / o (po ei) / o ei = 

(/ o p) o ei = / o (p o e, ) = / o = i > 1 

CjieflOBaTCjiBHO, OTo6pa}KeHHe / HBjiaeTCH jieBtiM ^ejiHTCjieM nyjia. 
3.4.2: IlycTb /i G C{R; A; A) - TaKoe OTo6paiKeHHe, hto 

(3.5) hof = 
Ha paBencTB (3.4), (3.5) cjieflyei, hto 

= o g = (/i o /) o g = /i o (/ o g) = /i o 1 = /t, 

CjieflOBaTejiBHO, OTo6pa}KeHHe / ne HBjiaeTCH npasbiM flejiiixejieM nyjia. 
3.4.3: Ha paBencTB (3.2), (3.3) cjie^yeT, hto 

{pog)oei=po (g o e.; ) = p o e^+i = 

CjieflOBaTCjiBHO, OTo6pa}KeHHe g HBjiaeTCH npaBbiM ;i,ejiHTejieM nyjia. 
3.4.4: HycTB h G C{R; A; A) - TaKoe OTo6paiKeHHe, hto 

(3.6) goh = 
Ha paBCHCTB (3.4), (3.6) cjieflyeT, hto 

= /oO = /o(_go/i) = (/oc,)o/i = loft = /i 
CjieflOBaTejiBHO, OToGpajKeHne g ne HBjiaeTca jiesbiM ^ejiHTCjieM nyjia. 



□ 



paBBHCTBe (3.4) mbi bhahm, KaK MenaioTCH CBoilcTBa MaTpHD;Bi, Korfla BMecTO MaxpHi^Bi 

C KOHeMHBIM MHCJIOM CTpOK H CTOJi6l1,OB MBI paCCMaTpHBaCM MaTpHLl,y CO CMCTHBIM MHOJKeCTBOM 

CTpoK H CTOji6i^OB. Othochtcjibho 6a3Hca e, OTo6pa>KeHHe / HMeeT iviaTpHuy 

/o 1 n n 



10 
10 
1 
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riepBbiH CTOJiSeu, MaTpHLi,i»i / jiHRCHHO saBHCHT OT ocTajibHbix ctoji6li;ob MaTpHri;bi. TeM He Menee, 
MaTpHi],a / o6paTHMa cnpaBa. 

ITo-BH^HMOMy, 3TO HBJICHHe CBHSaHO C yTBep^t^CHHeM, MTO CMCTHOe MHOiH^eCTBO HMCCT CoGCTBCH- 

Hoe CMeTHoe noflMHO^cecTBO. 
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TeopeMa 3.5. Cym^ecmeyem D-ajize6pa, e Komopou Aeeuu denumejih nyjisi mbah- 
emcH o6pamuMUM cnpaea}' 

/^oKaaameAbcmeo. IlycTb C{R; A; A) - i?-ajire6pa, paccMOTpetiHaa: b flOKaaaTejib- 
CTBe TeopeMbi 3.4 IlycTb OTo6pa>KeHHe / G C{R] A] A) onpeflejieno paeeHCTBOM 
(3.1). IlycTb OTo6pa>KeHHe g e C{R;A\A) onpeflejieno paBencTBOM (3.2). Co- 
rjiacHO yTBepjKfleHHK) 3.4.1, OTo6pa>KeHHe / HBjiHeTca jiesbiM ;i,ejiHTejieM nyjia. 
CorjiacHO paBencTBy (3.4), OToSpajKCHHe / o6paTHMO cnpasa. □ 

TeopeMa 3.6. nycrm> a - Aeeuu deAumcAb nyAJi D-aAze6pu A. HenyAeeou SAe- 
MCHm npaeozo udeaAa Aa MBAJiemcM acbum dcAumeAeM nyAJi D-aAze6pu A. 

JJ^oKaaameA'bcmeo. CorjiacHO onpe/i,ejieHHio 3.1, cymecTBycT 5 G A, 6 7^ 0, TaKoii, 
HTO ah ~ 0. Tor^a fljia: jiio6oro c Cz A 

{ca)b = c{ab) = cO = 

CjieflOBaTejiBHO, ecjiH ca ^ 0, to ca HBjiaeTCH jieBbiM ^ejiHTejiCM nyjiH. □ 

TeopeMa 3.7. Ecau mu mookcm npedcmaeumt> Aeeuu dcAumeAb nyAJi a D-aAze6- 
pu A e eude npouaeedenuH a = cd, mo au6o c, au6o d jieAMemcji AeeuM deAumeAeM 

HyAM. 

/^OKaaameAbcmeo. Ecjih d HBjiaeTCH jieBbiM ^ejiHiejiCM nyjiH, to, corjiacHO Teope- 
Me 3.6, a HBjiaeTCH jieBbiM ^ejiiiTejiCM nyjia. HosTOMy, htoSbi ^OKaaaTb TeopeMy, 
paccMOTpHM cjiyHaii, Kor^a d ne HsjiaeTCH jiesbiM /i,ejiHTejieM nyjia. CorjiacHO onpe- 
flejieHHK) 3.1, cymecTBycT 6 G A, 6 ^ 0, TaKoii, hto ah = 0. Tor^a 



Q = ab= {cd)b ^ c{db) 
CorjiacHO onpeflejieHiiio 3.1, db ^ 0. CjieflOBaTejibHO, c HBjiaeTCH jieBbiM ;i,ejiHTejieM 



TeopeMa 3.8. Uycmb hu a E A, hu b E A ne neAsiwmcsi acbumu deAumeAJiMU 
HyAM D-aAze6pu A. Tozda ux npouaeedenue ab ne MBASiemcfi acoum deAumeAtM 
HyAM D-aAge6pu A. 

/l^oKaaameAbcmeo. Ecjiii npoHSBCfleHHe ab HBjiaeTCH jieBbiM ^ejiHTejieM nyjia D- 
ajire6pbi A, to, corjiacHO TCopeMC 3.7, jih6o a, jih6o b HBjiaeTCJi jieBbiM ^ejiHTejiCM 
Hyjia. 3to npoTHBopenne flOKasbiBaeT TeopeMy. □ 

MTo6bi jiynme npeflCTaBiiTb CTpyKTypy MHOJKecTBa flejiHTejieii nyjiH Z?-ajire6pbi 
A, Mbi paccMOTpHM cjieflyiomyio TeopeMy. 

TeopeMa 3.9. Uycmb A - KOueuHO Mepnasi D-aAze6pa. Uycmb e - 6a3uc D-aA- 
ze6pu A. Uycmb Cj^i - cmpyKmypnue KOHCmanmu D-aAze6pu A omnocumeAbHO 
6a3uca e. Tozda Koopdunamu a* Aceozo dcAumcAM nyAsi 



riycTb A - _D-ajire6pa vl a ^ A - jieBBifi .z],ejiHTejii> Hyjisi. Tor^a cymecTByeT 6 G A, 7^ 0, 
TaKOH, HTO ab = 0. IlycTb cymecTsyeT c G A TaKoii, hto ca = 1. CjieflOBaTejitHO, 

b = lb = (ca)b = c{ab) = cO = 

Us nojiyneHHoro npoTHBopeMiiH cjie;:^eT, mto a He HBjiHeTCsi oSpaTHMtiM cjieBa. 



Hyjia. 



□ 




a = a^Ci 




det||CLa'=||=0 
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/^OKasameAbcmeo. Ecjih A-hhcjio a ^ HBjiaeTCH jiesbiM ^ejiHTCJiCM nyjiH, to co- 
rjiacHO onpeflejieHHK) 3.1, a ^ h cymecTsyeT ^-^^hcjio 6 7^ 

b = b'ei 

TaKoe, HTO ah = 0. CjieflOBRTejibHO, KOopfliinaTbi A-Hiiceji a n b y^OBjieTBopaiOT 
CHCTCMe ypaBHCHHii 

(3.9) ClaH' = 

Ecjih mbi npeflnojiojKHM, hto a hsbcctho, to mbi mojkcm paccMaTpiiBaTb cucTCMy 
ypaBHeHHH (3.9) KaK CHCTCMy jiHHeiiHbix ypaBHeHiiii OTHOCiiTejibHO KOop^nnaT bK 
ypaBHCHHe (3.8) cjicflycT h3 yTBepjKflenHH, hto hhcjio ypaBHemiii b CHCTeMe jinneii- 
Hbix ypaBHeHHH (3.9) paBHO ^HCjiy HensBecTHbix h CHCTCMa jiHHeiiHbix ypaBHenHii 
(3.9) HMeeT neTpHBHajiBHoe penieHne. □ 

4. MHOrOHJlEH HAfl ACCOLl,HATHBHOH D-AJirEBPOH 

IlycTb D - KOMMyTaTHBHoe KOjibii;o 11 A - accon;HaTHBHaH D-ajire6pa c eflnHni^eii. 
TeopeMa 4.1. Ilycrrfb pk{x) - o/i;HOHJieH cxeneHH k Had D-aAse6pou A.'^ Tozda 
4.1.1: OdnoHAeH cmenenu UMeem eud Po{x) = Qq, G ^• 
4.1.2: EcAU k > 0, mo 

Pk{x) = pk~i{x)xak 

zde flfc S A. 

/^OKaaameA'bcmeo. Mbi flOKajKCM yTBepjKfleHHe TeopeMbi HHflyKD;HeH no CTeneHH n 
o^HOHjiena. 

IlycTb n = 0. TaK KaK oflHOHjien po{x) HBjiaeTCH KOHCTaHTOii, to mh nojiyiaeM 
yTBepjKfleHHe 4.1.1. 

IlycTb n = k. IIocjieflHHH MHOJKHTejib oflHOHjiena Pk{x) HBjiaeTCH jih6o G A, 
jih6o HMeeT bh^ x', / > 1. B HOCjieflneM cjiynae mbi hojiojkhm ak = 1- Mhojkh- 
TejiB, HpeflmecTByiomHH ak, iiMeeT bh^ x', / > 1. Mbi moscbm npeflCTaBHTb stot 
MHOJKHTejib b BHfle x^^^x. CjieflOBaTejibHO, yTBepsKflenne flOKaaano. □ 

Onpe/i;ejieHHe 4.2. 06o3HaHHM Afc[a;] aSejieByio rpynny, nopojKfleHHyio MHOJKe- 
CTBOM o;i,HOHjieHOB CTeneHH k. Bjicmcht pk{x) a6ejieB0H rpynnBi ^fc[a:;] nasbiBaeTCH 
o;];Hopo/];Hi>iM MHoroHJieHOM cxeneHH k. □ 

SaMenanue 4.3. CorjiacHO onpeflejieHHio 4.2, oflHopo^HBiH MHoronjien pfc(a;) CTene- 
HH k aBjiHCTca cyMMon o/i,nonjieHOB CTcnenH k 

Pk{x) ^ ^Pk.s{x) 
s 

IlycTb 

1k{x) ^^Qk.tix) 
t 

o;i,HopoflHbiH MHoroHjien CTenenn k. TaK KaK cjiojKenne b a6ejieBOH rpynne 

KOMMyTaTHBHO H aCCOH,HaTHBHO, TO CyMMa O^nOpOflHBIX MHOrOHJienOB p VI q HBJIH- 

CTCH cyMMOH o;i,HO^jieHOB CTenenn k 

{p + q){x) ^ p{x) + q{x) ^^Pk.s{x) + ^qk.t (x) 

s t 



AnajiorHMHoe onpeflejieHHe oflHoiJieHa nafl TejioM paccMOTpeHO b pasflejie [10]-16. Anajio- 
ruMHoe onpe^ejieHHe o^n^HOMjiena na^ 6aHaxoBOH ajire6pofi paccMOTpeHO b pa3^ejie [7]-5.2. 
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□ 

TeopeMa 4.4. A6eAeeaji spynna Ak[x] fieAsiemcM, A-ModyAeM. 
J],OKa3ameji'bcmeo. IlycTb 

p{x) = poxpi...pk-ixpk 

o;i,HOHjieH. JXjisi npoHSBOjibnoro TCHSopa a ®h G ^4 ^4, onpeflejieno npeo6pa30- 
BaHiie oflHOT^jiena 

(4.1) {a®h)op{x) = ap{x)b = apoxpi...pk-ixpkb 

MHOJKecTBO npeoGpasoBRHHii (4.1) nopojKflaeT npeflCTaBjiCHHe D-ajire6pbi A>S) Ab 
a6ejieB0H rpynne ^^[a;]. CjieflOBaTCJiBHO, aGejieBa rpynne HBjiaeTCH A-MO^y- 

JICM. □ 

MnojKecTBO oflHO^^jieHOB CTenenii k ne HBjiaeTCH 6a3HCOM A-Mopyjisi Ak[x]. Ha- 
npHMcp, 

adxb = axdb d E D 
P,na MHoroHjiena, mbi 6yfleM nojiBSOBaTbcs saniicbio 

(ao, ai, afe) o x'" = aoxaix...xak 
TeopeMa 4.5. Omo6paDfceHue 

f : A''+' ^ Ak[x] 

onpedeACHHoe paeeHcmeoM 

/(ao,ai, ...,afc) = (oq, ai, Ofe) o 

MBMJiemcM noMUAUHeuHUM omoBpaMceHueM. 

/ioKasameAbcmeo. ITycTi. d E D. Hs paBCHCTB 

/(ao, da^, Ofe) = aox...{dai)...xak = d{aox...a,...xak) 

= df{ao, ...,a^, ...,ak) 

/(ao, tti + 6j, afc) = aox...(ai + bi)...xak 

= {aox...ai...xak) + {aQX...h...xak) 

= f{ao, a^, ak) + /(ao, 6i, a^) 

cjieflyeT hto OTo6pa>KeHHe / jiHHeiiHO no a;. CjieflOBaTejibHO, OToGpajKCHHe / - 
nojiHjiHHeiiHoe OTo6pajKeHHe. □ 

TeopeMa 4.6. OnpedcACHO AuneuHoe omo6pacHceHue 

(ao (g) ai ... ® flfc) o a;'' = (ao, ai, Ofe) o a;'^ 

/[oKasameAbcmeo. YTBepsKfleHHe TeopcMbi HBjiaeTca cjieflCTBneM TeopeM [9]-2.5.4, 
4.5. □ 

Cjie/];cTBHe 4.7. OdHopodiiuu mhozohach p{x) Moatcem 6umb aanucan e eude 

p{x) afc o x'= ak 6 .d^C^+i) 

□ 
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Onpe/i,ejieHHe 4.8. 06o3HaHHM 

oo 

A[x]=^A4x] 



n=0 

,10 



npHMyio cyMMy ^-Mo;i,yjieH A„[2:]. 3jieMeHT p{x) A-Mopyjisi A[x] nasbiBaeTCH 
MHoroHJieHOM HRfl £'-ajire6poH A. □ 

CjieflOBaTejibHO, MHoroHjien CTenenH n MOsceT 6i>m> sanHcan b bh^b 

= flo + ai o X + ... + a„ ox" Ui & A'^^^+^'> i^O,...,n 

Onpe/i;ejieHHe 4.9. IlycTb 

= flo + ai o X + ... + a„ o Oi G i = 0,...,n 

MHoroHjiCH CTenenH n nafl, _D-ajire6poH A. A®^*+^^-hhcjio Ui nasbiBaeTca KoaeJ)- 
4)Hii,HeHTOM MHoroHJiena p{x). yl'^("+^^-Hiicjio a„ nasbiBaeTCH CTapniHM ko- 
34)4)HLi,HeHTOM MHoroMJiena p(a;). □ 

5. OnEPAI^HH HAfl MHOrOMJlEHAMH 

Onpe/i,ejieHHe 5.1. IlycTb 

p{x) = po + Pi o x + ... + p„ o x" 
q{x) ^ qo + qi o x + ... + qn o x"^ 
MHoroHjieHbi CTeneHH n.^^ CyMMa MHoroHJienoB onpeflejiena paBCHCTBOM 
ip + q){x) = po + 90 + (Pi + qi)ox + ... + {pn + qn) ° a;" 



□ 



Onpe/i;ejieHHe 5.2. BHjiHHeiiHoe OTo6pajKeHHe 

(g) ■ A'^" X — ^ ^®(n+m-l) 

onpe/i,ejieHO paBCHCTBOM 

(ai (g) ... ig) a„)®(&i (g) ... (g) bn) =01® ... (g) a„_i (g a„6i (g 62 ( 

TeopeMa 5.3. OdHopodmiu mhozohaeh p o x^ , p ^ A®'^^~^'^\ nopooicdi 
Hoe omoGpaoKGHue 

onpedeACHHoe paeeHcmeoM 

(5.1) (p o x") o o x™) = (p®g) o 



□ 

'aem auhcu- 



^'^Cmotph onpeflejieHHe npaMoft cjmmbi MOflyjieft b [1], CTpaHHi;a 98. CorjiacHO Teopeme 1 na 
TOH >Ke CTpaHHii;e, npHMaH cyMMa MO^yjiefi cymecTByeT. 
"'^"'^IlycTB q{x) - MHoroHjieH CTeneHH m, m < n, 

g{x) = qo + qi o X + ... + qm o x"^ 

EcjiH MBi nojiojKHM qm+1 = 0; qn — Oi TO MBi MO^KCM paccMaTpHBaTB MHoroHjieH q{x) KaK 
MHoroMjieH CTeneHH n. 
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/^oKaaameAtcmeo. CorjiacHO cjie^CTBHio 4.7, p g g £ Corjiac- 

HO onpeflejieHiiK) 5.2, 

(5 2) p(^q g ^ 

CorjiacHO cjieflCTBHio 4.7 h paBencTBy (5.2), OTo6pa>KeHHe (5.1) onpe/i,ejieHO Kop- 
peKTHO. CorjiacHO onpe/i,ejieHHio 5.2, h3 paseHCTB 

(p o a;") o (r o + s o x") = (p o x") o ((r + s) o x") 

= (p®(r + s)) ox"+™ 

= {p®r) o + (p®s) o 

= (p o .x") o (r o !•'") + (p o x") o (s o X™) 

[p o .t") o (d(r o x")) = (p o x") o ((dr) o x'") 

= (p®(dr)) o x"+" = d((p^r) o x"+'") 

= d((pox")o(rox'")) 

rfle d G D, cjie^yeT, hto OTo6pa>KeHHe (5.1) jiHHefiHO. □ 

SaMeuaHue 5.4. IlycTb 

P^PO®Pl® ■■■ ®Pn 

r — ro ® ri ® ... ® 
Tor^a paBCHCTBO (5.1) mo>kho sanHcaTb cjieflyiomnM o6pa30M 

{p0X...XPn) O (roX...Xrm) = ((po ® ■■■ ® Pn) ° x") O ((ro ® ... ® Tm) ° x"^) 

= {{po 8) ... (8)p„)®(ro «) ... (8r„)) ox"+™ 
= (po » ... (8)_p„ro (X) ... ® r^) o x"+'" 
= pox...xpnrox...xr,n 
CjieflOBaTejiBHO, paBencTBO (5.1) HBjiHeTca onpeflejieHHCM npoH3Be;i;eHHa oflHopo^- 



Hbix MHOroHjienoB. 



□ 



Onpe/i,ejieHHe 5.5. XIpoHSBefleHHe oflHopoflHbix MHoroiijieHOB pox", rox™ onpe- 

^ejICHO paBCHCTBOM 

(p o x")(r o X™) = (p®r) o x"+™ 

□ 

TeopeMa 5.6. Ilycm-b 

p(x) =auox^ Gk G .4®('=+i) 

odnoHAeH cmeneHU k > I. Tozda MHOzouneH p{x) Mootcem 6umb npedcmaeAen e 
odnou U3 CAedymm,ux (popM 

(5.3) p(x) = (flfc.o o x'=-i)((l flfc.i) o x) 

(5.4) p(x) = ((ofc.o ox''"^) ® Cfc.i) ox 



(5.5) 



flfc = afe.o®(l Ofc.i) ak-o^A®'"' aki&A 
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/^oKasameAbcmeo. OnnpaHCb na yTBepjKfleHHe 4.1.2 h TeopeMy 4.6, mbi MOJKeM 

SanHCRTb OflHQT^JieH p{x) B BHfle 

(5.6) pkix) ^ {ttk-o o x''~^)xak.i 
PaBCHCTBO (5.5) cjieflyeT h3 onpeflejienHH 5.2 h paBCHCTBa 

flfe = flfc-O ® flfc-i 

TaK KaK fljia saflaHHoro SHa^eHHa: .t, BbipajKeHHe Uk o ox^~^ aBjiaeTCH A-hhcjiom, 
TO paBencTBO (5.4) cjieflyei h3 paBencTBa (5.6) h TeopeMbi 4.6. PaBencTBO (5.3) 
cjieflyeT h3 paBCHCTB (5.5), (5.6) h onpeflejieHHH 5.5. □ 

TeopeMa 5.7. nycmt, 

p{x) flfc o x'' Qk e .4®('=+i) 

odHopodnuu mhozohach cmeneHU k > 1. Tozda mhozohach p{x) Moofcem 6umt> 
npedcmaeAeH e odnou us CAedymiu,ux cfjopM 

(5.7) p{x) ^ {ak-o-s o a;''~^)((l Uk-is) o .x) 

(5.8) p{x) = ((flfe.o.s o x-*=-i) (g) afc.1.5) o X 

(5.9) flfc = afc.o.s®(l flfc-i-s) flfc.o.s e Ofc.i.s e A 

JJoKaaameAbcmeo. CorjiacHO saMe^aHiiio 4.3, o;i,HopoflHbiH MHoroHjien CTeneHH k 
HBjiHeTCH cyMMOH o^HOHjiCHOB CTcneHH k. TeopeMa cjie^yeT h3 TeopeMbi 5.6, ecjiH 
paccMOTpeTb HH;i,yKLi,Hio no micjiy cjiaraeMbix. □ 

SaMeuaHue 5.8. B stom pasflejie fljia nac necymecTBeHHO, sBjiaeTCs jih MnoroiijieH 
p{x) flejiHTejieM nyjia. Bonpoc o ^ejiHTejiax nyjiH A-ajire6pbi A[x] mh paccMOT- 
pHM B pasflejie 6. IIpH flOKasaTejibCTse TeopeM SToro pas^ejia, mbi, ne Hapymaa 
o6lli,hoctii, 6yfleM npe/i,nojiaraTb, hto paccMaTpiiBaeMbie MHoroHjienbi ne sbjihiot- 
ca ^ejiHTejisMii nyjia. □ 

TaK KaK npoHSBe^eHHe oflHopo^Hbix MHoroHjienoB HBjiaeTCH 6HjiHHeHHijiM oto6- 
pajKeniieM, to onpe^ejieHHe 5.5 MOJKeT Gbitb npoflOjiJKeno na npoH3Be/i,eHHe npo- 

HSBOJIBHblX MHOrOHJienOB. 

TeopeMa 5.9. Ilycm-b 

p{x) = po + pi O X + ... +p„ o x" 
q{x) = qo + qi o X + ... + g„, o 

MHOZOHACHU. EcAU MHOZOHACH 

r{x) = tq -\- ri o X + ... + Tk o x^ 
MeAMemcM npoHSBe^eHHeM MHoroHJienoB 

(5.10) r{x) = p{x)q{x) 
mo 

k = n + m 

(5.11) rii = Pi®_qj /i = 0, k i < n j < m 

i+j=h 
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(5.12) 



floKoaameA'bcmeo. Mbi flOKasKeM TeopeMy HHflyKD,HeH no m. 

• CjieflyiomaH jicmmr sBjiaeTca cjieflCTBiieM onpeflejienHH 5.5. 

JleMMa 5.10. TeopeMa 5.9 sepna fljisi npoHSBefleHiiH oflHopoflHbix mhofo- 
HjienoB. 

• riycTb TeopeMa Bepna fljiH oflHopoflHoro MHoroHjiena p(a;) = p„oa:" CTene- 
HH n II MHoroHjiena q(x) CTenenii m = I. Mbi MOJKeM saniicaTb MHoroHjien 

q{x) ^ qo + qiox + ... + qi o + qi+i o a;'+^ 

CTCneHH I + 1 B BUflfi 

q{x) = q' {x) + qi+i o x^+'^ 

q'{x) = qa + qi o X + ... + qi o x'- 
MHoroHjien CTenenii /. TaK xax npoiiSBefleHne MHoroTuienoB HBjiaeTCH 6h- 
jiHHeiiHbiM OTo6pa}KeHHeM, to 

r{x) = {pn o x'')q{x) = {p„ o x"){q'{x) + qi+i o .t'+^) 

= {pn o x")q'{x) + {pn o x"){qi+i o x^+^) 

CorjiacHO npeflnojiojKeHiiio iiHflyKii;HH, CTenenb MHOroHjiena {p„ ox")q'{x) 
paBHa 71 + Z, a TaK>Ke 

(5.13) rh — Pi®qj i ~ n h = 0,...,n + l 

i+j=h 

CorjiacHO onpeflejiemiio 5.5, CTenenb MHoroHjiena (p„ o x")(g/_|_i o x'"'"^) 
paBHa 

k = n+ (l + l) 

a TaKJKe 

(5.14) T'h = Pi®_qj i — n h^n + l + 1 

i+j=h 

CjieflOBaTCJibHO, yTBepjKfleHne TeopeMbi Bepno ^jih oflHopo^Horo mhofo- 
Hjiena p{x) = Pn o a:" CTeneHH n h MHoroHjiena q{x) CTenenii m = I + 1. 
CjieflOBaTejiBHO, mbi flOKasajiii cjie;];yiomyio jieMMy. 

JleMMa 5.11. TeopeMa 5.9 Bepna ^jih npoiiSBefleHiia oflHopoflHoro MHoro- 
Hjiena p{x) ii MHOro^jiena q{x). 

IlycTB TeopeMa Bepna fljia MHoronjiena p{x) CTeneHH n = I vl MHoroijiena q(x) 
CTeneHH m. Mbi mojkcm saniicaTB MHoroHjien 

p{x) ^ po + pi o X + ... + pi o x^ + pi+1 o 

CTeneHH / + 1 b bh^c 

p{x) =p'{x) +PI+1 ox'+^ 
p\x) — pq + p\ o X + ... + pi o x^ 
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MHoroHjieH CTencHH I . TaK kek npoHSBefleHne MHoroHjienoB aBjiaeTca GnjinHeitHbiM 
OTo6pa>KeHHeM, to 

r{x) = p{x)q{x) = {p'{x) + pi+i o x'^~^^)q{x) 

(5.15) 

= P ix)qix) + (pi+i o x'+')g(2;) 
CorjiacHO npe/^nojiojKeHiiio HHflyKn,HH, CTeneHb MHoroHjiena 

r'(x) = p'(a:)(7(x) 

paBHa Z + m, a TaKJKe 

(5.16) r'f^= ^ i<l + l h = 0,...,l + m 

i+j=h 

CorjiacHO jieMMe 5.11, CTenenb MHoroHjiena 

r"ix)^{pi+,ox'+')qix) 



paBHa 



a TaKJKe 



k= (l + l) +m 



(5.17) r^' = ^2 P'®1i i = ^ + l /i = 0, ...,/ + m + l 



TaK KaK 



r{x) = r'(a;) + r" {x) 
TO H3 onpeflejiCHHH 5.1 h h3 paBCHCTB (5.16), (5.17) cjieflycT, ^^to 



(5.18) Tft = X! «<^ + l = 0, ...,/ + ?n+ 1 

CjieflOBaTCjiBHO, yTBepjKflenHe TeopeMbi Bepno ^jih MHoroHjiena p(a;) CTeneHH n = 
I + 1 n MHOroHjiena q(x) CTeneHH m. □ 

TeopeMa 5.12. A-ModyAb A[x] , ocHam,e.HHUu npouaeedenueM (5.10) MBAJiemcM 
A-aAge6pou, naaueaeMou A-ajire6poft MHoroHJienoB na^ Z)-ajire6poH A. 

floKaaameA'bcmeo. CjieflCTBne onpeflejieHHii [9]-2.2.1, 5.5 h TeopeMbi 5.9. □ 

6. JAEJIEHWE MHOrOMJlEHOB 

B 3T0M pasflejie mbi 6yfleM npeflnojiaraTb, hto ajire6pa A onpeflejiena nafl nojiCM 
F H HBjiaeTCH KOHeHHO MepHOH i^-ajire6poH.^^ IlycTij e - 6a3HC ajire6pi>i A nafl 
nojiCM F H C^ - - CTpyKTypHbie KOHCTaHTbi ajireGpti A OTHOCHTCJibHO 6a3Hca e. 

PaccMOTpHM jiHHefiHoe ypaBHeHHe^^ 

(6.1) ao X = b 



^^H3 flOKasaTejibCTBa TeopeMbi 3.4, mm bhahm, hto yTBepjKflenHa jiHHeiiHOH ajire5pbi b BeKTop- 

HOM npOCTpaHCTBe CO CMCTHblM 6a3HCOM OTJlHMaiOTCH OT anajIOrH'^HblX yTBep>KfleHHH B KOHeMHO 

MepHOM BCKTopHOM npOCTpaHCTBe. HosTOMy Heo6xo^HMO ^onojiHHTejibHoe HCCjie^OBaHHC, npe:>Kj^e 
MeM Mbi MOJKCM ccJ^opMyjiHpoBaTb TeopcMbi pa3flejia 6 flJiH i^-ajire5pbi co cmcthmm 6a3HCOM. 

^•^51 paccMaTpHBaio pemeHne ypaBHeniiH (6.1) aHajiorniHO Tomy KaK h 3to Cflejiaji b pasflejie 
[5]-4. 



MnoroMjicH Hafl accoi^HaTHBHOii Z)-ajirc6poH 13 

rfle a = Us-o ® a^.i £ A^'^. CorjiacHO TeopeMe [4]-9.1.9 mbi MOJKeM sanncaTb 
ypaBHeHHC (6.1) b CTaHflapTHOii 4)opMe 



CorjiacHO TeopeMe [4]-9.1.10 ypaBHeHne (6.2) SKBHsajieHTHO ypaBneHHio 



(6.3) 



CorjiacHO TeopHH jinneftHbix ypaBneHHii na^ nojieM, ecjin onpe^ejiHTejib 

(6.4) det||a:j'|| ^0 
TO ypaBHeHHe (6.1) imeeT e^HHCTBeHHoe peineHiie. 

Onpe/i;ejieHHe 6.1. Tensop a G nasbiBaeTca HeBbipo»c/i;eHHi.iM TeHso- 

POM, eCJIII 3TOT TeH30p yflOBJieTBOpHeT yCJIOBHIO (6.4). □ 

TeopeMa 6.2. Uycmb F - noAe. Uycmb A - kohchho Mepnaji F-aAze6pa. JIuneuHoe 
ypaeneHue 

(6.5) ao X = 

zde a = ag.Q (g) a^.i G A'^'^ . uMeem KopneM jim6oe x ^ A mozda u moAt>KO moada, 
Kozda 

(6.6) as.^^as.lCl.Ci,.=Q 

/JoKaaameAhcmeo. Corjiacno TeopeMe [4]-9.1.9 mbi MOsceM sanncaTb ypaBHenne 
(6.5) B CTaHflapTHOH 4)opMe 

a^^dxe^ = 



(6.7) 



CorjiacHO TeopeMe [4]-9.1.10 ypaBHemie (6.7) SKBHsajieHTHO ypaBneHHio 

dx^ = 

(6.8) 

al = a>''"CP^Cl, X = x'a 
fljia Toro, HToSbi jiK)6oe x & A 6mjio KopneM CHCTeMbi jiiiHefinbix ypaBneHHii (6.8), 

Heo6xOflHMO H flOCTaTOHHO, HT06l>I 

(6.9) a', = 
Ha paseHCTB (6.8), (6.9) cjie^yeT, hto 

(6.10) a'^'Cl^Cl, = 

PaBencTBO (6.6) HBjiaeTCH cjieflCTBHeM paBencxB (6.7), (6.10). □ 

OneHb TpyflHO CKasaTb, MOJKeT jih ycjiOBne (6.6) Smtb BepHbiM b KaKoii-TO aji- 
re6pe. OflnaKO mm MOJKeM npoanajiHSHpoBaTb nacTHbiii cjiy^aii TeopeMbi 6.2. 
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TeopeMa 6.3. Uycmb F - none. Uycmb A - kohchho MepnaM F-aAze6pa. J],asi 
mozo, Hmo6u Am6oe x £ A 6uao KopneM ypaeneHusi 

axb — 

Heo6xoduMO, Hmo6u a mbajiac^ AeeuM dcAumeAeM nyAJi F-aAze6pu A. 

Jl^oKasameAbcmeo. IlycTb b ypaBHeHHH (6.5) s = 1, ai.Q = a, ai-i = b. ITycTb e - 
6a3HC _F-ajire6pi>i A. Tor;i,a paBCHCTBO (6.6) npHMeT bh^ 

(6.11) clH-C^CI, = 

EcjiH Mbi npeflnojiojKiiM, hto a iiSBecTHO, to mbi mo^kcm paccMaTpHBaTb CHCTeMy 
ypaBHeHHH (6.11) xaK CHCTCMy jiHHeftHbix ypaBHeHHH othochtcjibho KOop;i,HHaT 6'". 
Hhcjio ypaBHeHHH b CHCieMe jiHHeiiHbix ypaBHeHHH (6.11) paBHO HHCjiy HensBecT- 
Hbix. TaK KaK CHCTCMa jinneftHbix ypaBHeHHH (6.11) HMecT neTpHBHajiBHOC peine- 

HHe, TO 

(6.12) det||a'=C7j,C^,||=0 
;i,jiH jHo6oro r. Hs paBencTBa (6.12) cjie^yeT, hto 

(6.13) det||C^,|| det||a^C^J|=0 
Ha paBCHCTBa (6.13) cjie^yeT, hto jih6o 

(6.14) det||C^,||=0 
jin6o 

(6.15) det||a^C,^,||=0 

ITycTb paBencTBO (6.14) Bepno. IlycTb ei G e, ei = 1. Tor^a 

(6.16) Cp = epCi = C^iCj 

Ha paseHCTBa (6.14) cjie^yeT, hto cymecTByiOT c'^, c ^ 0, TaKne, hto 

(6.17) c^Ci^ = 
Ha paBCHCTB (6.16), (6.17), cjie^yeT, hto 

(6.18) c^ep = c^Ci^ej = 

Cjie;i,OBaTejibHO, BeKTopbi Ck jinneHHO aaBHCHMbi. Ha npoTnBopeHHH cjie^yeT, hto 
B i<"-ajire6pe A c eflHHHD,eH paBencTBO (6.14) HeBepno. 

Ha paBCHCTBa (6.15) h TeopeMbi 3.9 cjie;i,yeT, hto a sBjiHeTca jieBbiM ^ejiHTCjieM 
Hyjia. □ 

IIpHMep 6.4. Tpe6oBaHHe, hto a HBjiHeTca jieBbiM ^ejiHTejiCM nyjia i^-ajire6pbi 
A, fljiH Toro, HTo6bi JH060H X 6biji KopncM ypaBHeHHH 

axb = 

Heo6xOflHMO, HO He flOCTaTOHHO. 

PaccMOTpHM, HanpHMep, i?-ajire6py MaTpnn, n x n. PaccMOTpHM MaTpHD;bi 

X = (4) 

Tor^a 

E^XE^ = iSlSJxlS'^Sf) = iS^x\S'^) = x]E^ 
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Cjie;i,OBaTejibHO, MHoroHjien 



p{x) = e^xe!" 



o6pani,aeTca: b Tor^a ii tojibko Torfla, Kor^a = 0. □ 

OniipaHCt Ha yTBepjKfleHHH, paccMOTpeHHbie b 3tom pa3;i,ejie, mo>kho npe;i,nojio- 
jKHTb, HTO odHopodnuu MHoaoHJieH cmeneHu 1 ne paeen moofcdecmeeHHO 0. 0;i,HaKO 
9T0 yTBepjKfleHiie Tpe6yeT 6ojiee fleTajibHbiii anajiHS. 

OHeBHflHO, ^TO TeopeMa 5.9 BajKHa. HanoMHio, hto npH flOKasaTejitCTBe STOii 
TeopeMbi Mbi npeflnojio>KHjiH, hto coMHOJKHTejm ne hbjihiotch flejiHTejiHMH nyjiH.^* 
O^HaKO, ecjiH CTapniHe KOScJxJjimHeHTbi MHoroHjiena HBjiaiOTCH flejinTejiHMH nyjia, 
TO saKjiiOHeHHe TeopeMbi MOJKeT OKasaTbCH neBepubiM. 

TeopeMa 6.5. Ilycmb A-hucmo a nejisiemcfi MeeuM deAumeACM uyMJi D-aAze6pu 
A. Ilycmb p{x) G A[x\. Tozda mhozouach p{x)a neAfiemcsi neeuM deAumeABM 
HyAM A-aAze6p'bL A[x\. 

/JoKaaameAbcmeo. TaK KaK p{x) G A, to TeopeMa aBjiaeTCH cjieflCTBHeM TeopeMbi 
3.6. □ 

TeopeMa 6.6. Uycmb a fieAHemcfi npaeuM dcAumeAeM uyAsi D-aAze6pu A. Uycmti 
b HBAsiemcfi AeeuM dcAumeAeM nyAsi D-aAze6pu A. Uycmb ab ^ 0. Tozda mho- 
zoHACH ap{x)b MBAsiemcfi acbum deAumeACM uyAsi A-aAze6pu A[x]. 

JJoKasamcAbcmeo. Tax KaK p{x) £ A, to TeopeMa HBjiaeTCH cjieflCTBiieM TeopeMbi 
3.3. □ 

TeopeMa 6.7. Uycmb a € - HeeupocHcdeHHuu menaop. Ecau paeencmeo 

(6.2) paccMampueamb KaK npeo6pa3oeaHue aAze6pu A, mo oBpamuoe npeo6pa3oea- 
Hue MOOK.HO aanucamb e eude 

(6.19) a; = c^P^epbe^ 
zde KOMnoHCHmu c'"' ydoeAcmeopjimm ypaeHCHum 

(6.20) 5l5t, = a'^c^'^GlpCl^ 

/^oKasamcAbcmeo. TeopeMa HBjiJieTCH cjieflCTBneM TeopeMbi [5]-4.2. □ 
Onpe/i;ejieHHe 6.8. IlycTb a £ A*^^ - HeBbipojKfleHHbiii Tensop. Tensop 

a^^ = c'"^ep ® Cq 

HasbiBaeTCH Tensop, o6paTHbifi TeH3opy a. □ 

TeopeMa 6.9. Uycmb p{x) ^ pi o x - odnopodHuu mhozohach cmenenu \ u pi - 
HeeupootcdcHHuu menaop. Uycmb 

r{x) = To + ri o a; + ... + o x^ 

MHOZOHACH cmcucHU fc. Tozda 

r{x) ro + qi.np{x)qi.i + q2-Q{x)p{x)q2.i + ... + qk.Q{x)p{x)qk.i 

(6.21) =rQ + {qi.Q ® qi.i) o p{x) + {ci2.q{x) ® g2-i) o p{x) 
+ ■■■ + (qk-aix) qk-i) op(x) 



"'^^Cmotph saMenaHHe 5.8. 
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/loKaaameA-bcmeo. CorjiacHO onpe;i,ejieHHaM 6.1, 6.8 h TeopeMe 6.7, cjieflyiomee 

paBCHCTBO BepHO 

(6.22) p];^op{x)^x 

OniipaHCb Ha TeopcMy 5.7, mbi MOJKeM sanncaTb MHoro^ijieH r(x) b BH^e 
r{x) = To + ri.o.s(a;ri.i.,,) + (r2.o.,s- ° x){xr2.i.s) 
+ ... + {rk.Q.s o x''-'^){xrk.i.s) 

= rQ+ ri.o.s((l ® ri.i.s) o x) + (r2.o.s o x){{l (g) r2.i.s) o x) 
+ ... + (rfc.Q.s o ® rfc.i.,,) o x) 



(6.23) 



ri = ri.o.s^{l®ri.i.s) ri.Q.gEA tm.^ £ A 
?'2 = r-2.o-sMl®^2-i-s) r2.o-s&A'^^ r2.i.seA 



Ha paBencTB (6.22), (6.23) cjieflycT, hto 

r{x) = ro + ri.Q.siil 'Si n-i-s) o {p~^ o p{x))) 
+ (r2.o.s o a;)((l ® r2.i.s) o (p~^ o p(a;))) 
+ - + (rfe.o-s o «) rfc.i.^) o (p-i o p(a;))) 

= + ri.o.s(((l ® ^M.s) op~^) op(a;)) 
+ {r2.o-s ° x){{{l r2.i.s) op~^) op{x)) 
+ ... + {rk.Q.s o x''-^){{{l (g) rk.i.s) op-^) o p{x)) 

IlyCTb 

(6.25) ^p'o.t®P'i.t 
Tor^a 

(6.26) (1 (g) Ti.i.s) o = (1 g) r^.i.s) o (p^.j (g) p'^.j) = p^.j g) p'^.^ri.l.s 
Ha paBencTB (6.24), (6.26) cjieflyei, ^^to 

r{x) = ro + ri.o.s((Po.t ® Pi.tri-i-s) o p{x)) 
+ (j'2-o-s °2:)((Po.t ®Pi.t7-2-i-s) op(2;)) 
+ ••• + {rk■Q■sOX^-'^){{p'^.^®p\.^rk.l.s)op{x)) 
= rQ + {ri.o.s»Po.t){p{x)p[.tri.i.s) 
+ ((?-2.o-s®Po-t) ° a;)(p(a:)p'i.tr2.i.s) 
+ ... + {{rk-o-s^p'o-t) ° a;''"^)(p(a;)pi.trfc.i.s) 
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IIOJIOJKHM 

qio = ri.Q.s^PQ.t qi-i = p'l.tri-i-s 



gfe-o(a;) = (''fe-o-s^.Po-t) ° ^ Ik-i = p'l.t'Tk-i-s 
PaseHCTBO (6.21) cjieflyei h3 paseHCTB (6.27), (6.28). □ 
Teopeivia 6.10. Uycmh 

(6.29) p{x) ^ po +P10X 

- MHOzoHAen cmencHU 1 u pi - HeeupootcdeHHUu meHsop. Uycmh 

r{x) = ro + ri o X + ... + o x^ 
MHOgoHACH cmenenu k. Tozda}^ 

r{x) = ro - ((ri-o-s ® ri-i-s) o p^^) o po 

- (((f2-o-s ox)® r2.i.s) opr^) °Po 

- ■■■ - (((^-fe-o-s o 2;''"^) ® Tfc.i.s) opj^l) opQ 

+ {{n-o-s ® T-M-s) °pT^)°p{x) 

+ (((?'2.o-s °x)® ra.i.s) op-1) op(a;) 
+ ... + (((rfc.Q.s o x''"^) (g) rk-i-s) °Pi^) op{x) 
= ro - {{ri-o-s ri-i-s + {r2-o-s o x) (g) r2-i-s 
+ ... + (rfe.Q.s oa;''^^) (grfc.i.s) opj^i) opo 
+ ((fi-o-s ® ri.i.s + (r2.o-s ox)® r2.i.s 
+ ... + (rfe.Q.s o x*^"^) (g) rfe.i.s) op~i) op(x) 
floKaaameA'bcmeo. H3 paseHCTBa (6.29) cjieflyei, hto 

(6.31) pi o X = -po + p(a;) 

CorjiacHO onpeflejienHHM 6.1, 6.8 h TeopeMe 6.7, h3 paBCHCTBa (6.31) cjieflyeT 

(6.32) p-^ o{-p^+p{x))=x 

Onnpaacb na TeopeMy 5.7, mh MOJKeM sanncaTb MHoroHjien r(.x) b bh^b 
''(a;) = ''o + ri.Q. s{xr i.i.s) + (r-2-o-s o x)(xr2.i.s) 
+ ... + (rfc.o-s ox''"^)(xrfc.i.s) 

= ro + [ri.Q.s ® ri.i.s) o x + ((r2.o-s ox)® r2.i.s) o x 
+ ... + ((rfc.Q-s o x*""^) ® Tk-i-s) o a; 



^""OopMaT paBeHCTBa (6.30) OTjinnaeTCH ot 4)opMaTa paBeHCTBa (6.21). 51 npocTO xony noKa- 
3aTi>, HTO MM MOJKeM HcnojibSOBaTB pasHBie 4>opMaTBi fljia npeflCTasjieHHa MHoroHjieHa. 
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rfle 



?'2 = 7-2-0-s^(l®f'2-l-s) 



Ha paseHCTB (6.32), (6.33) cjieflycT, ^^to 



r{x) = ro + (ri.Q.s ® ^m.^) o {p'^ o (-po + p{x))) 
+ {{r2-o-s o x) (g) r2.i.s) o o (-po + p{x))) 
+ ... + {{rk-o-s o x''^^) <^ f/c-i-s) o (Pi^ o (-po +P(a;))) 
= »'o + {{ri-o-s ®ri.i.s) opr^) ° i^Po +Pix)) 
+ i{{r2-o-s ox)(g) r2.i.s) o p^^) o (-po + p{x)) 
+ ■■■ + {{{rk-o-s ° x''"'^) (g> rk-i-s) opi^) o i-pa+pix)) 



PaBeHCTBO (6.30) cjie^yeT h3 paBencTBa (6.34). 



□ 



TeopeMa 6.9 yTBepjK/i,aeT, hto, ^jih saflaHHoro oflHopoflHoro MHoroHjiena p{x) 
CTcneHH 1 H saflaHHoro MHoroHjiena r(x) CTenenH fc, h Mory npe^CTaBiiTb mho- 
roHjien r{x) KaK cyMMy npoHSBefleHHH MHoroHjiena p{x) na MHoroHjiCHbi CTenenH 
MeHbine nem k. AnajiorHiHoe yTBepsKfleniie b xeopeMe 6.10 pjia aa^aHHoro mho- 
roHjiena p{x) CTenenn 1. O^HaKO paBencTBO (6.24) ne HBjiHeTCH yTBepjKfleHiieM, 
HTO MHoroHjieH p{x) HBjiHeTCH ^ejiHTejiCM MHoroiijieHa r(x). 3to bo3mo>kho npH 
BbinojineHHii ycjiOBHS 



Heo6biHHOCTij paBencTBa (6.35) b tom, hto mbi iiMeeM 3 comhoschtcjih. IIocKOjib- 
Ky npoH3BefleHHe b D-ajire6pe A neKOMMyTaTHBHO, mbi moskcm tobophtb, hto mho- 
roHjien p{x) HBjiaeTCH jih6o jibbbim flejiHTCjieM MHoroHjiena r{x), ecjiH 

r{x) — p{x)q{x) 

jih6o npaBbiM flejiHxejieM MHoroHjiena r{x), ecjiH 

r{x) — q{x)p{x) 

OflHaKO Mbi MOJKeM o6o6mHTb 3TO onpeflejiCHHe. 

Onpe/i;ejieHHe 6.11. MnoroHjien p{x) tiasbiBaeTCH flejiHTejieM MHoroHJiena 

r{x), ecjiH MBI MOJKeM npeflCTaBHTB MHoro^^jieH r{x) b bh^c 

(6.36) r{x) ^ qo{x)p{x)qi{x) 







□ 
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8. riPE^METHblH YKASATEJlb 

A-ajire6pa MHoroMJieHOB Ha^ Z)-ajire6pOH 
A 12 

A-MHCJIO 2 



^ejiHTejib MHoroHjiena 18 
^ejiHTejib Hyjis 2 

K03<J)4)HLI,HeHT MHOrOHJlCHa 8 

jieBBiH flejiHTCJib Hyjis 2 
MHoro'^jieH 8 

HeBI>IpO?KfleHHI>IH TCHSOp 13 

oflHopoflHbiii MHoroMJieH CTeneHH n 6 
oflHOMJien CTeneHH k 6 

npaBbiH ^ejiHTejib HyjiH 2 
npoH3Be/i,eHHe MHorc^iJieHOB 10 

cyMMa MHoroMJieHOB 8 

TeH30p, o6paTHbiii xeHSOpy 15 
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9. CnELi;HAJIbHUE CHMBOJTH H 0B03HAHEHHH 



A[x] yl-ajire6pa MHoroMjienoB Ha^ D- 
ajire6poH A 8, 12 

a^^ TeH3op, o5paTHi>iH Tenaopy a 15 

Ak [x] A-MOflyjIB OflHOpOflHblX 

MHoroMjieHOB Ha^ Z)-anre6poH A 6 
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